ON RIGIDITY OF GRAUERT TUBES 



m 
o 
o 

(N 



Su-Jen Kan 



O ■ Oct. 8, 2003 

O 

^ ' Abstract. 

Given a real-analytic Riemannian manifold M there exists a canonical complex 
' structure on part of its tangent bundle which turns leaves of the Riemannian foliation 

, on TM into holomorphic curves. A Grauert tube over M of radius r, denoted as 

M, is the collection of tangent vectors of M of length less than r equipped with 
this canonical complex structure. We say the Grauert tube M is rigid if Aut(T"^ M) 
' is coming from Isom{M). 

In this article, we prove the rigidity for Grauert tubes over quasi-homogeneous 
Riemannian manifolds. A Riemannian manifold (M, g) is quasi-homogeneous if the 
quotient space M/ Isomo{M) is compact. This category has included compact Rie- 
^ ' mannian manifolds, homogeneous Riemannian manifolds, co-compact Riemannian 

, manifolds whose isometry groups have dimensions > 1, and products of the above 

spaces. 



1. Introduction. 
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. The adapted complex structure is the unique complex structure on (part of) the 

tangent bundle of a real-analytic Riemannian manifold (M, g) which turns leaves 
n ' of the Riemannian foliation on TM into holomorphic curves. It was proved by 

XI ■ 

H ' Guillemin-Stenzel and independently by Lempert-Szoke that such an adapted com- 
plex structure exists in a neighborhood of M in TM by solving a complex homoge- 
neous Monge-Ampere equation. We make a remark here that the Monge-Ampere 
solutions Pas in [G-L], p^s in [L-S] and in [Kl] all have different scalings. The 
relation among these three are: pcs = '^Pk = 4p^s- The p^s is exactly the length 
square function. Therefore, we will adapt the scaling that used in [L-S]; the p 
we consider in this article is the Monge-Ampere solution with the initial condition 
Pijlm = \gij and v) = |f 1^ for any tangent vector v E T^M. The set of tangent 
vectors of length less than r equipped with the adapted complex structure is called 
a Grauert tube of radius r centered at M. It is denoted as T^M. In terms of the 
Monge-Ampere solution, T'^M = {p~^[0, r^)}. 
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Associated to each M there exists a maximal possible radius rmax{M) > such 
that T'^M exists for any r < rmax{M). Since the adapted complex structure is 
locally defined, the maximal possible radius rmax{M) > for compact M. Never- 
theless, r^ax{M) might very well be zero for non-compact M. 

Since the adapted complex structure is constructed canonically associated to 
the Riemannian metric g of the manifold M, the differentials of the isometrics of 
(M, ^r) are natural automorphisms of T^M. On the other hand, it is interesting to 
see whether every automorphism of T'^M comes from this way or not. When the 
answer is affirmative, we say the Grauert tube is rigid. 

With respect to the adapted complex structure, the length square function p 
is strictly plurisubharmonic. When the center M is compact the Grauert tube 
T^M is Stein since it is exhausted by the strictly plurisubharmonic function p. 
Furthermore, if the radius r is less than the maximal possible radius, T^M is then 
a bounded domain with smooth strictly pseudoconvex boundary in a Stein manifold. 
In this case, most good properties of bounded strictly pseudoconvex domains are 
inherited and the automorphism group of T^M is a compact Lie group. Base on 
these. Burns and Hind ([B-H]) are able to prove the rigidity for Grauert tubes over 
compact real-analytic Riemannian manifolds. 

For non-compact M, the length square function p is no longer an exhaustion. 
This has made the situation complicated to deal with. In fact, nothing particular 
is known, not even to the existence of a Grauert tube over non-compact M. When 
the Grauert tubes exist, most of the good properties in the compact case are lacking 
here since the length square function p no longer exhausts the tube. 

In [K2] , using the homogeneity of the central manifolds, the author was able to 
prove the rigidity of Grauert tubes over homogeneous Riemannian manifolds. The 
author also proved a weak rigidity for general Grauert tubes which says that if 
rmax{M) > and T'"M is not covered by the baU, then Auto{T''M) ~ Isomo{M) 
for any r < rmax{M). 

It does not seem clear to us what kind of geometric properties possessed by the 

real-analytic Riemannian manifold (M, g) will guarantee the existence the Grauert 

tube structure, i.e., will enforce rmax{M) > 0. To the author's knowledge, there are 

only four categories that we know: M is compact, is homogeneous, is co-compact 

or is the product of the above cases. The rigidity of Grauert tubes over the first 

two cases have been clarified in [B-H] and [K2], respectively. The motivation of 

this article is to examine the rigidity of Grauert tubes over the third and the fourth 
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cases. 

In an attempt to tackle this problem, we formulate the situation as below. The 
objects we are interested in are real-analytic Riemannian manifolds M possesses 
the property that every point in M could be sent to a compact subset of M 
through some isometry. First of all, the above four cases(compact, homogeneous, 
co-compact and products of them) are all included in this family. Secondly, this is a 
kind of generalized homogeneous spaces; lots of the technique in the homogeneous 
case could be transplanted here without much difficulty. However, to prove the 
rigidity, we need a reasonable large isometry group. So we defined a Riemannian 
manifold M is quasi-homogeneous if Isomo{M) ■ K = M for some compact subset 
K of M. This would immediately implies that dimIsomo{M) > 1 for non-compact 
M. The main result of this article is Theorem 4.5 which proved the rigidity of 
Grauert tubes over quasi-homogeneous Riemannian manifolds. 

Theorem 4.5. Let M be a quasi-homogeneous manifold. Let T'^M be the Grauert 
tube of radius r < rmaxiM) which is not covered by the ball. Then Isom{M) ~ 
Aut{T^M) and T'^M has a unique center. 

The organization of this article is as the following. In §2 we define quasi- 
homogeneity and derive some basic properties of quasi-homogeneous manifolds. We 
prove that a Grauert tube over quasi-homogeneous manifold is complete hyperbolic 
in §3. The §4 is devoted to the proof of the rigidity of T'^M for quasi-homogeneous 
M. 

The author would like to thank Professor Kang-Tae Kim for bringing her atten- 
tion to the case M/Isom{M) is compact. 

§2 Quasi-homogeneous manifolds. 

Recall that a Riemannian manifold M is called homogeneous if for any two points 
a;, J/ e M, there exists a ^ e Isom{M) such that g-x = y. This transitivity property 
has implied that the isometry group of M is very large, it is at least as large as M. 

Motivated by the homogeneous case, the real-analytic Riemannian manifolds we 
consider through out this article are Riemannian manifolds possess certain kind of 
transitivity and have reasonably large isometry groups. 

Definition. A real-analytic Riemannian manifold M is quasi-homogeneous if the 
quotient space M/Isomo{M) is compact. 

The condition is equivalent to that there exists a compact subset K of M such 

that for any m E M there associated a ^ e Isomo{M) with g-m E K or equivalently, 
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Isomo{M) ■ K = M. We may further assume that both M and K are connected 

o 

and that for any x ^ y,x,y & K, there is no e IsomQ{M) such that g ■ x = y. 

The reason we ask for Isomo{M) instead of Isom{M) is that the criteria would 
force the isometry group of M to be fairly large for non-compact manifold M, 
say dim Isom{M) > 1. In fact, if a non-compact connected manifold M has a 
connected compact quotient M/Isom{M) then either dim /som(M) > 1 which 
would automatically imply that M/Isomo{M) is compact or M is a non-compact 
co-compact manifold with a discrete isometry group. 

This category actually has contained most of cases that we are sure about the 
existence of Grauert tubes, examples of such M are: compact manifolds, homo- 
geneous manifolds, co-compact manifolds whose isometry group have dimensions 
> 1, and products of the above manifolds. The only thing out of control are non- 
compact co-compact manifolds with discrete isometry groups. We examine some 
of the fundamental properties of quasi-homogeneous spaces. 

Remark. The properties proved in this and the next sections hold for any Rie- 

mannian manifold M which possesses the property that there exists a compact sub- 
set K C M with the property that Isom{M) • K ~ M . That is, they also work for 
non- compact co- compact manifolds with discrete isometry groups. However, for the 
rigidity proof in the last section of this article, we do need some dimension criteria 
on the isometry group. 

Lemma 2.1. If {M,g) is a quasi-homogeneous manifold, then {M,g) is complete. 

Proof. To prove (M, g) is complete is equivalent to show that every geodesic could 
be extended to a geodesic defined on the whole real line. 

Let i^T be a compact subset of M such that every point of M could be sent 
to K by an isometry h G Isomo{M). Let s be a positive number such that the 
exponential map is defined on the ball B{p,s) for all p & K. By hypothesis, any 
point m in M could be sent to a point in K by an isometry. Therefore, for any 
m e M, the exponential map exp^ is defined on B{m, s). 

Let r]{t) be a geodesic with 77(0) = m and / = (—a, b) be its maximal interval of 
definition. Then both a and b are greater than s. Suppose 6 < 00, we set the point 
p = r]{b — f )• Let 7 be the geodesic with 7(0) = p and 7'(0) = r]'{b— |). Then this 
7 extends rj and is at least defined on the interval (— s, s). That is, rj is defined on 
(6— a contradiction. Similarly, we may show that a = 00. □ 
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Lemma 2.2. If M is a quasi-hoTnogeneous Tnanifold. Then v^dx 

(M) > 0. 

Proof. Let K <Z Mhe the compact set described as before. As the adapted complex 
structure is a local object, there exists a r > such that the adapted complex 
structure is defined on T^M := {(p, v) : v & TpM, \v\ < r} for all p E K. Since any 
point m & M could be sent to a point in K by an isometry (hence an automorphism), 
the adapted complex structure is well-defined on T^M for all m e M. The lemma 
is claimed. □ 

Lemma 2.3. Let {M,g) be a non-compact quasi-homogeneous manifold and let 
K <Z M he a compact subset described as above. Then for every p & K, there exist 
infinitely many m & M and km £ Isomo{M) such that hm{Tn) = p. 

Proof. It is clear that I somo{M) is non-compact. Since K is compact in a complete 
Riemannian manifold, it is bounded. We may pick a large geodesic ball B := 
B{p,s) centered at p of radius s containing K. Given qi e M — K, there exists 
hi e Isomo{M) such that hi{qi) e K. We may assume that hi{qi) = p. If not, 
there exists a large set L outside of K such that hi{L) D K, then we are able to 
find some q & L such that hi{q) = p. 

Denote h^\K) := Ki C Bi := h^^{B), a geodesic ball of radius s centered 
at qi. Take q2 E M — Bi such that d{qi,q2) > 2s and such that there exists a 
h2 e Isomo{M) sending g2 to p where d denotes the distance function induced 
by the Riemannian metric g. Denoting h2^{K) := K2 C B2 := h2^{B), then 
S2 n Si = 0. 

As M is complete, we are able to continue the process and find infinitely many 
different qj e M and hj e Isomo{M) such that hj{qj) =p,yj. □ 

§3 Complete hyperbolicity of T'^M. 

The Kobayashi pseudo-metric is defined in any complex manifold. When it is a 

metric, we call such a complex manifold a hyperbolic manifold. It was shown by 

Sibony in [S] that a complex manifold admitting a bounded strictly plurisubhar- 

monic function is hyperbolic. In a Grauert tube of finite radius, the length square 

function p is strictly plurisubharmonic and bounded in the whole tube. Therefore, 

every Grauert tube of finite radius is hyperbolic. On the other hand, a Grauert 

tube of infinite radius, i.e., the adapted complex structure is defined on the whole 

tangent bundle of M, is never hyperbolic. 
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Proposition 3.1. Let TM be a Grauert tube of infinite radius. Then TM can not 
be hyperbolic. 

Proof. Following the definition of the adapted complex structure, for a given arc- 
length parametrized geodesic 7 in M there exists a holomorphic mapping 

f:C^TM, f{a + tT)^TY{a). 

Since the Kobayashi metric in C is trivial, by Picard's theorem, the mapping / has 
to be constant if TM is hyperbolic. A contradiction. □ 

In general, it is hard to see whether a hyperbolic manifold is complete or not. 
If M is compact and the radius r < rmax{M) then the Grauert tube T^M is 
complete hyperbolic since it is a bounded domain in the Stein manifold T'"'""^M 
with smooth strictly pseudoconvex boundary. The same holds for co-compact M 
since T^(M/r) = T'"M/r for T < Isom{M) and the Grauert tube T'"M is the 
covering of a complete hyperbolic manifold. In [K2], we also proved that T'^M is 
complete hyperbolic when M is homogeneous and r < rmax{M). 

In [F-S] Fornacss and Sibony has proved a sufficient condition for a hyperbolic 
manifold to be complete hyperbolic. They show that a hyperbolic manifold Q is 
complete hyperbolic if the quotient ^l/Aut{^l) is compact. Inspired from Fornaess- 
Sibony's work, we prove in this section that the Grauert tube T^M is complete 
hyperbolic if M is quasi- homogeneous and r < rmax{M). 

Let dji be the Kobayashi metric of the hyperbolic manifold T^M and dj( be the 
restriction of to M. That is, the metric dK is defined as 

dK{p, q) ■■= diiip, q), Vp, q E M. 

From the construction of Grauert tubes, the Isom{M) is naturally included in the 
Aut{T'^M). Therefore any h e Isom{M) is an isometry for the metric dji. 

Recall that a metric space is complete if every Cauchy sequence converges. Since 
the Kobayashi metric is an inner metric (i.e., one that comes from the arc 
length), the Hopf-Rinow- Myers theorem shows that the completeness is equivalent 
to that every finite ball is relatively compact. We will prove the completeness of 
by first showing that (M, dj^) is complete, i.e., every Cauchy sequence converges. 

Lemma 3.2. d^ is a complete metric in M. 

Proof. We would like to show that every Cauchy sequence in (M, dj^) converges. 

Since M is quasi-homogeneous, there is a compact set C M such that for any 
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p e M there exists a h E Isomo{M) with h{p) e K. Notice that by the definition 
of a Riemannian manifold, the natural topology in M and the topology induced by 
the metric g are the same. 

Since K is compact in the complete Riemannian manifold (M, g), K is bounded 
and closed. We may find a ball Bg{xo, R), centered at G M of radius R with 
respect to the (/-metric, in M such that K C Bg{xo,R). Let F :— Bg{xo,2R). 
Since is continuous, the metric is continuous as well. Therefore, there exists 
an e > such that cijf (p, > e for any p e K,q ^ F. 

Let {pj} C M be a Cauchy sequence in {M,dji)- That is, given e > there 
exists a large m such that dji{pkiPl) < e, VA;, I > m. Let h e Isomo{M) such that 
h{pm) e K. Then 

dj^{h{pj), h{pm)) = dii{h{pj), h{pm)) = dnipj.Pm) = dxiPj^Pm) < e, Vj > m. 

The Cauchy sequence {h{pj)\j = m, • • • , 00} lies in the compact set F. It converges 
to a point p & F and hence the Cauchy sequence {pj} converges to the point 
h-\q)eM. □ 

Theorem 3.3. 

Let M be a quasi-homogeneous manifold. Then for any r < rmax{M), T'^M is 
complete hyperbolic. 

Proof. Fix 2; = (pi, vi) e T'^M. We compute the Kobayashi distance from z to the 
point w = {p2,V2). Let hi e Isomo{M) such that hi{p2) G K, then there exists a 
constant Li{v2) such that 

(3.1) C^jf((p2,0), (p2,t'2)) = C^K((/il(p2),0), (/li(p2),/il*t'2) <Lx{v2). 

Now, 

dK{z,w) > dK{{pi,0),{p2,V2)) - dK{{pi,0),{pi,vi)) 

(3.2) > rf^((pi, 0), (p2, 0)) - d^((p2, 0), (P2, ^2)) - d^iipu 0), (pi, t;i)) 

= dii{pi,P2) - dii{{p2,0), {P2,V2)) - dii{{pi,0), {pi,vi)). 

We claim the complete hyperbolicity by showing that for any radius R the bounded 

ball Bk{z, R) is relatively compact in T'^M. 

Since T'^M is a domain in the complex manifold T^'"''^M and every point (x, v) e 

TjM, \v\ = r is a smooth strictly pseudoconvex boundary point of T'^M. By Lemma 
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2.2 of [K2] ,iiw= {p2, V2) G Bj({z, R) then there exists 6 > such that |v2 1 < r — 6. 
By equations (3.1) and (3.2), 

dKipi,P2) < dK{z,w) + d^((p2,0), {p2,V2)) + ciK((pi,0), (pi,vi)) 
< i? + Li(t)2) + Li('yi) < L 

for some positive L. Thus, by Lemma 3.2, p2 hes in some bounded set in M. Thus 
Bjf{z,R) is relatively compact in T'^M and the Kobayashi metric is complete. □ 

4. The rigidity of Grauert tubes. 

For compact X, Burns-Hind [B-H] have proved that the isometry group Isom{X) 
of X is isomorphic to the automorphism group Aut{T^X) of the Grauert tube for 
any radius r < rmax{X). 

For the non-compact cases, the best rigidity results so far are in [K2] . It shows 
that the rigidity holds for any Grauert tube over a homogeneous Riemannian man- 
ifold of r < Vmax'i it also claims that the identity component of the automorphism 
group of the Grauert tube is isomorphic to the identity component of the isometry 
group of the center manifold for Grauert tubes over general real-analytic Riemann- 
ian manifolds of r < Tmax- The only exception for the above two results occurs 
when the Grauert tube is covered by the ball. It was proved by the author in [Kl] 
that T^X is biholomorphic to C C"' if and only if X is the real hyperbolic space 
of curvature —1 and the radius r = ^. Apparently, the automorphism group 
of 5" is much larger than the isometry group of H". We also remark here that 
the restriction r < Vmax is necessary as the rigidity fails for Grauert tubes over 
non-compact symmetric spaces of rank-one of maximal radius shown in [B-H-H] . 

Let M be the universal covering of M. We have proved in Lemma 4.2 of [K2] that 
if there is a unique Grauert tube representation for the complex manifold T^M then 
there is a unique Grauert tube representation for T^M. Denote / = Isom{M) and 
G = Aut{T'^M); Iq and Go the corresponding identity components. We have shown 
in Theorem 6.4 of [K2] that Go = Iq provided that T'^M is not covered by the ball. 
We may assume from now on that M is a simply-connected quasi-homogeneous 
manifold, r < rmax{M) and that T^M is not covered by the ball. Since M is 
a connected quasi-homogeneous Riemannian manifold, there exists a connected 

o 

compact subset K <Z M such that Iq • K = M and for any x y,x,y & K, there is 
no 5f e Isomo{M) such that g • x = y. 
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For any given f & G, the set N = f{M) equipped with the push- forward metric 
coming from M is another center of the Grauert tube T^M. It foUows from the 
Theorem 6.4 of [K2] that Isomo{N) = Gq = Isomo{M). Therefore, Iq ■ N = N. 

Let's denote the projection as 

TT : T'^M ^ M, 7t{p, v) = p. 

It is clear that tt is /o-invariant since for any {x, v) G T^M and g E Iq, we have 

(4.1) 7r(5f ■ (x, v)) = n{g ■ x, g^v) ^ g-x^ g- 7r(a;, v). 

The Riemannian metric g of M determines the Levi-Civita connection on TM which 
splits the tangent space Tz{TM), z G TM, into vertical and horizontal spaces. The 
connection map is K : Tz{TM) Tz{T^(^z)^)- A vector C, G T^iTM) is horizontal 
if KC, = 0; is vertical if tt*^ = 0. Let's make some preliminary observation on the 
projection of A?" C T^M. 

Lemma 4.1. dim(7r(A^)) = dimM = n. 

Proof. Let C/^ C A?" be a small neighborhood oi z e N. We would like to show 
that its projection tt{Uz) has dimension n. Suppose not, ^TuiriUz) = fJ, < n. Let 
dim/o = I, dimi^ = k. Then the tangent space Tz{Uz) is spanned by // horizontal 
vectors and n — n vertical vectors {rji, ■ ■ ■ , ?7^_^}. As is Iq invariant, and Iq 
moves vertical vectors to vertical vectors. By the quasi-homogeneity of M, the 
dimension of N would he n ~ fi + I + n if n < k; would he n — n + n if n > k. In 
either case, the dimension of N would be greater n since I > 1 and n — /j, > 0. A 
contradiction. Therefore, /i = n. □ 

We would like to show that N actually crosses through each fiber T^M := 
{{p,v) : V G TpM, \v\ < r},p G M. That is, 7t{N) = M. 

Lemma 4.2. N n T^M 7^ for any pe M. 

Proof. It is clear from the above lemma that n{N) and M have the same dimension 

and 7r(A'") is connected since tt is a continuous map. It is therefore sufiicient to claim 

that 7r(A'") is both open and closed. The connectedness of M would immediately 

implies that 7r(A'") = M. 

For any p G 7r(iV), there exists a z E N such that tt{z) — p. Since AT is a 

submanifold, every point is an interior point and there is a neighborhood Ug of z in 
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N. By the proof of Lemma 4.1, 7r{Ug) has dimension n and hence is a neighborhood 
of p in 7r{N). Therefore, 7r(A'") is open in M. 

For the closeness. We first observe that there exists a real number < Z < r 
such that every (x, v) E N has It;! < /. This comes from the fact that Iq ■ K = M 
and = /(M) = /{Iq ■ K) = Iq ■ f{K). Let {xj} be a sequence in 7r(iV) with 
limj_,.<x) Xj — X E M. Then for give e > 0, there exists an L > such that 
Xj E B{xL,e),yj > L. With respect to each Xj, there associates a point {xj,Vj) E N. 
Thus {{xj,Vj) : j > L} is a sequence in the compact set N r\T^B{xL,e) and thus 
has a limit point {x, v) E N n T^B{xr,,e). Thus x E 7t{N) and 7t{N) is closed. □ 

The Lie group / is a subgroup of G and Iq — Gq. We consider the group G/Iq 
and examine the index of this coset space. 

Proposition 4.3. The index of Iq in G is finite. 

Proof. Let {gjIo}j9j G G, be a sequence in the coset space G/Iq. By Lemma 4.2, 
gj{M) has non-empty intersection with any fiber TpM,p E M. Fixp E K and take 
a point 

(4.2) e^,(M)nr;M. 

Since g~^{qj) E M there exists a /i""*^ E Iq such that 

(4.3) h-'-g-\qj):=ajEK,yj. 
Let fj = gj ■ hj E G then 

(4.4) f,{a,)^q,ET;M. 

By the complete hyperbolicity proved in §3, T'^M is a taut manifold which 
says that we can extract a subsequence (we still call it {fj}) that either converges 
uniformly on compact subsets of T^M or diverges compactly, i.e., for any compact 
subsets Di,D2 of T^'M there exists a large J\f such that fj{Di) r\D2=0, Vj > J\f. 

Let 

diam{K) := sup{(iK(p, q) '■ P,q E K} = TZ < oo 

denote the diameter of the compact set K with respect to the Kobayashi metric 
in T^M. Then K C Bif{aj,TZ),\/aj E K. As each fj is an isometry of the 
Kobayashi metric. We have 

fj{K) C fj{B,{a,,n)) = B^{fj{aj),n) = i?^(g,-, 7^), Vj. 
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Since Qj e TpM, it is therefore possible to find a compact set K' d M such that 
(4.4) fjiK)cT-^,M,yj, 

where T^,M = Up^K'T^M. Let Qk ■= TI~^{M). Suppose the sequence [fj] di- 
verges compactly. Then for any A; e N there exists an Mk such that fj (K) n fife = 
for all j > Mk- That is fj{K) C {{x,v);x e K',v e T^M,r - ^ < \v\ < r} for all 
j > Nk- Let A; — > oo, then the sequence {fj} sends the compact set K to smooth 
strictly pseudoconvex boundary points. By assumption, the Grauert tube T'"M is 
not covered by the ball. The generalized Wong-Rosay theorem in [K2] implies that 
no subsequence of {/-,} could diverge compactly. A contradiction. Hence, by the 
tautness of T^M, there exists a subsequence of {fj} converges uniformly to some 
/ e G in the topology of G. Hence, some subsequence of {gjlo} converges to qIq 
in the topology of G/Iq. Thus, G/Iq is compact. Since / and G have the same 
identity components, Iq is open in G. The compactness implies that the index of 
G/Iq is finite. □ 

For any two anti-holomorphic involutions cr and r in T^M. We use the notation 
(M, o") to indicate that the anti-holomorphic involution of the Grauert tube T^M 
with respect to the center M is a. Following the argument in Proposition 7.3 of 
[K2], we prove that if r is another anti-holomorphic involution of T^M, then the 
least positive integer k such that (u • r)'^ e / is odd and in fact (u • r)'^ = id. 

Proposition 7.4 and Lemma 7.5 of [K2] work in the quasi-homogeneous case as 
well. There are at most a finite number of anti-holomorphic involutions aj in T'^M. 
For any center (iV, dj) of there exists / G G such that /(M) = N. The Isom{M) 
is isomorphic to Aut{T'^M) if and only if there is a unique center (M, cr) for T^M. 

Given x e M, we consider the homogeneous submanifold Iq ■ x of M . 

Lemma 4.4. For x & K, the orbit Iq ■ x is a totally geodesic submanifold of M . 

Proof. We chose a slightly larger set K G M such that K is relatively compact in 

K. Let B{x, e) denote the intersection of K with the geodesic ball in M centered at 

X of radius e. We may choose e so small such that B{x, e) is relatively compact in K 

and there is no ^ e Iq sending a point y & B{x,e) to a, different point w e B{x,e). 

By the fact that Iq- K = M , it is clear that Iq ■ B{x, e) := U is an open subset of 

M , hence is a totally geodesic submanifold of M with the induced metric from M. 

Since there is no ^ e Iq sending a point y G B{x,e) to a, different point w e B{x,€), 

we may view U as a product manifold of Iq and B{x,e). Using the respective 
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induced metrics in U and B{x, e) from the Riemannian metric of M, we are able 
to put a Riemannian metric on Iq such that U is the product manifold of Iq and 
B{xj e) with the product metric. 

Since /q ■ x is a totally geodesic sub manifold of the product manifold Iq ■ B{x^e) 
which is totally geodesic in M. Therefore, /q • x is a totally geodesic submanifold 
of M. □ 

Let's denote = Iq ■ x. As Ma; is a totally geodesic submanifold of M, the 
Grauert tube T^{Mj:) is a complex submanifold of T'^M. Since Iq acts transitively 
on Mx, the tangent space Tz{T'^Mx) could be decomposed as, for any z e T'^Mx, 

(4.5) T,{T^Mx) = T,{Io ■ z) + T,{T^^^^Mx). 

Following the arguments in §7 of [K-M]. We are able to construct a G-invariant 
strictly plurisubharmonic function 

k 

in T^M where {gi, . . . , gk} E G so that G/Gq — {gjGo : j = 1, . . . , k} as shown in 
Prop. 4.3. 

Let := iP\t^m^ denote the restriction of i/j to T'^M^ and 'r]x '■— the 

^ IT (z) ^ 

restriction of ip to T^^^^Mx- Since ip is constant in Iq ■ z, by the decomposition (4.5), 
a critical point of rjx is a critical point of Fx- 

As T'^Mx is a submanifold of T^'M, the restriction Fx of V' to T'^Mx is stiU strictly 
plurisubharmonic. The real Hessian of Fx has at least k = dim{Io • x) positive 
eigenvalues and can be null on a subspace of Tz{T'^Mx) of dimension at most k. 
Since Fx is constant on Tz{Iq ■ z), and dim{Io ■ z) > k, we have dim T^^Iq ■ z) = k 
and the real Hessian of r]x is positive definite on the tangent space Tz{T^(^^^Mx). 
By the Morse theory (c.f. p85, [C-E]) ■r]^ has at most one critical point. Since r]x 
is proper on the fiber T^^^^Mx, it follows that there is exactly one critical point of 
rjx which turns out to the the minimal point. Since rjx ■ cr = rjx, the minimum of rjx 
occurs at 7r{z). 

On the other hand, the restriction ipp of ip to the fiber T^M is proper, therefore 
ipp has local minimums in T^M which must also be critical points of r]p. Therefore, 
each ipp has exactly one minimal point at p. Let 



L := max'0(p). 
peK 
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As is G-in variant, M = Iq • K and N = f{M),-we have 

maxibip) = maxibip) = max ■0(2;). 
peM peK zeN ^ ' 

Let A:= {x : ip{x) = L}. Pick q e A and z e N D T^M. Since z E N, 
'ip{z) < L. On the other hand, z e T^M, 'ip{z) > 'ip{q) = L. This can't be unless 
z = q. That is, every maximal point lies in the intersection of different centers; 
q e NnM and 5 is a maximal point for iP\m- 

By the quasi-homogeneity of M, the maximal points for i/^Im are 7o • A and the 
maximal points for ipl^ are /(/q ■ A). Therefore, Iq ■ A C /(/q ■ A). Conversely, if 
we start from the center A^, we will obtain /(/q ■ A) d Iq ■ A. Therefore ipl^ and 
iP\m have the same maximal point set. 

For any two centers M and Nj, there exists an gj e Aut{T'^M) such that 
gj{M) = Nj. The above argument works for any center as well. Let q E A, then 
gj{q) is a maximal point for V'Ijvj- Hence, gj{q) G M,yj which implies 

k 

i^{q) = Y,p{gj{q)) = 0. 

As V' is a non-negative function and g is a maximal point for iP\m- We conclude 
that V'Im = 0. Therefore, gj{M) = M, for aU gj e Aut{T''M). 
The following main theorem is thus proved. 

Theorem 4.5. Let M be a quasi-homogeneous manifold. Let T'^M be the Grauert 
tube of radius r < rmax{M) which is not covered by the ball. Then Isom{M) ~ 
Aut{T'^M) and T^M has a unique center. 
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